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I 3.6 [0, 1] cannot be the disjoint union of countably many closed sets.
Lemma 1: F' C Risaclosed set. C'is a component of F'. Then 0F N C # ¢

Let z9 € C. Suppose that C' is disjoint from OF'. Then there is an open-closed set A C
Int(F) C F and xy € A. Then by the definition of subspace topology, 3U C R, which is
open, suchthat A = U N F. Since AN Int(F) = ¢, we have A = U N Int(F). Thus A is
open in R. But A is also closed in F, and F closed in R. So A is closed in R, which implies

A = R. And it is impossible.

Lemma 2 : Closed interval F' = | | F;, F;'s are non-empty. Then for all ¢ # j, there is a closed
interval C' C R satisfying
CNF;=¢,CNF; # ¢ andCNFy,k=1,2,- - has at least two non-empty sets.

If F; is empty then we take C' = R. Thus we can assume that F;'s are not empty. Take j # 4. By
the property of (T4), there are disjoint open set U, V' such that F; C U and F; C V. Lletx €
F; and C the component of z in the subspace V' C UC.C is a closed interval and C N F; =
¢,C N Fj # ¢.Bylemma1,C N OV # ¢.Because F; C V, there is another k such that F},
intersects with C' N AV, thus it intersects with C.

Let a closed interval F' = |_| F;, and each Fj is closed. For each %, we can find a closed interval
C; C C;_1 which doesn't intersect with | |;_; (F; N C;_1). So we get a decreasing closed set
sequence C1 D Cy D -+, thus Ng2; Ck # ¢. While N ; C, N F' = ¢ by the construction,
which is a contradiction.

Remarks :
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I 3.9 Qis not a G set, i.e. Q cannot be the intersection of countably many open sets.

Suppose Q = N2, U; = {q1,q2, - - }, where U;'s are open sets. Take a closed interval [a; —
e1,a1 + €1] C Uy \ {qi1 }. Similarly we can find a closed interval [a — €, ar + €] C (U \
{ar}) N (ag—1 — €x—1,ar_1 + €x_1). By the compactness, V. = M2, [a, — €, ar + €] #
¢.Because V. C Uj foreach i, U C Q.Butgi ¢ V by the construction.

Remarks:

T.LletUp = U2 (gn — 1/2™™ g, + 1/277™) . 1s N_; Upy, equal to Q? What can we
infer from this example?

2. There are "a lot of" points in U,? !



Example : A topological space is called a Baire space if every intersection of a countable

collection of open dense sets is also dense.
Fact :

1. Any complete metric space is a Baire space.
2. Any compact Hausdorff space is a Baire space

3. Any locally compact Hausdorff space is a Baire space

I Example : Cantor set

gy 3k 1 3k+2
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Fact :

1. C'is closed.
2. Evrey point in the Cantor set is a limit point, i.e. C = C'.

3.0 = {0, % ax € {0,1})

4. We can define a map
> 2ay,
g: {0’1}N — [0’1]’(0'1)0'2"") = 23_k
k=1

It is not difficult to show that g is a homeomorphism between {0, 1}" and C.
5. (Cantor Function) By the binary representation, we have a homeomorphism
Za
k
h: {Oal}N — [0,1],(&1,(12,-'-) = Zz_k
k=1
let f=ho g_1 : C' — R. Since CY is the union of disjoint countably many open
intervals (a;, b;), and f(a;) = f(b;), so we can connect (a;, f(a;)) and (b;, f(b;))

with a horizontal line segment for each . Thus we get a monotonic function f¢ :
[0,1] — [0, 1], which is called Cantor Function.

I 43 1In (X, p), continuity is equivalent to sequence continuity.

"=": f: X — Y is continuous. For any &,, — ¢, and any neighborhood V of f(x),
f~1(V) is a neighborhood of xg. Therefore AN, Vn > N, z, € f (V) = f(xn) € V.So
f(zn) = f(0).

"<="" It suffices to prove that forany A C X, f(A) C f(A). By the property of metric
space, for each a € A, Ja, € A such that a,, — a. Therefore f(a,) — f(a), and f(a) €

F(4).50 f(A) C f(A).
Remarks :

1. Without "metric", € A maynot be the limit of a sequence of x,, € A. For example, in
(R, ﬁocountable): let A be any uncountable set. Then A = R since the intersection of A



and every open set in R has uncountably many elements. But ,, — « if and only if
dN,Vm,n > N,a,, = a,.
2.1d : (R, Teocountabie) — (R, Taiscrete ) is sequence continuous but not continuous.

Example : upper semi-continuous topology
We can define a topology on R

Tuse = {(—0,a) : a € R}

We say a function f : (X,7) — R is upper semi-continuous if Yz, € X, Ve >
0,3U € N (zp) suchthat Vo € U, f(z) < f(zo) + €.

Fact : The following statements are equivalent:

1. f is upper semi-continuous
2.f:(X,T) = (R, Tys.c) is continuous.
3.If (X, T) - (R, Esual): %z—)xo .f(aj) < f(LU())

Similarly, we can define lower semi continuous and lower semi-continuous topology.



